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1 Oxford Street, Cambridge, MA 02138
Abstract. The J-flow is a parabolic flow on Ka¨hler manifolds. It
was defined by Donaldson in the setting of moment maps and by Chen
as the gradient flow of the J-functional appearing in his formula for
the Mabuchi energy. It is shown here that under a certain condition
on the initial data, the J-flow converges to a critical metric. This is
a generalization to higher dimensions of the author’s previous work on
Ka¨hler surfaces. A corollary of this is the lower boundedness of the
Mabuchi energy on Ka¨hler classes satisfying a certain inequality when
the first Chern class of the manifold is negative.
1. Introduction
The J-flow is a parabolic flow of potentials on Ka¨hler manifolds with
two Ka¨hler classes. It was defined by Donaldson [D1] in the setting of
moment maps and by Chen [C1] as the gradient flow for the J-functional
appearing in his [C1] formula for the Mabuchi energy [Ma]. Chen [C2]
proved long-time existence of the flow for any smooth initial data, and
proved a convergence result in the case of non-negative bisectional cur-
vature.
The J-flow is defined as follows. Let (M,ω) be a compact Ka¨hler
manifold of complex dimension n and let χ0 be another Ka¨hler form on
M . Let H be the space of Ka¨hler potentials
H = {φ ∈ C∞(M) | χφ = χ0 +
√−1
2
∂∂φ > 0}.
The J-flow is the flow in H given by

∂φt
∂t
= c−
ω ∧ χn−1φt
χnφt
φ0 = 0,
(1.1)
1This work was carried out while the author was supported by a graduate fellow-
ship at Columbia University.
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where c is the constant given by
c =
∫
M ω ∧ χn−10∫
M χ
n
0
.
A critical point of the J-flow gives a Ka¨hler metric χ satisfying
ω ∧ χn−1 = cχn. (1.2)
Donaldson [D1] showed that a necessary condition for a solution to (1.2)
in [χ0] is that [ncχ0−ω] be a positive class. He remarked that a natural
conjecture would be that this condition be sufficient. Chen [C1] proved
this result if n = 2, without using the J-flow. In [W1], the author gave
an alternative proof by showing that for n = 2, the J-flow converges in
C∞ to a critical metric under the condition ncχ0 − ω > 0.
We generalize this as follows.
Main Theorem. If the Ka¨hler metrics ω and χ0 satisfy
ncχ0 − (n− 1)ω > 0,
then the J-flow (1.1) converges in C∞ to a smooth critical metric.
This shows that (1.2) has a solution in [χ0] under the condition
nc[χ0]− (n− 1)[ω] > 0.
Recall that the Mabuchi energy is a functional on H defined by
Mχ0(φ) = −
∫ 1
0
∫
M
∂φt
∂t
(Rt −R)
χnφt
n!
dt,
where {φt}0≤t≤1 is a path in H between 0 and φ, Rt is the scalar cur-
vature of χφt and R is the average of the scalar curvature. The critical
points of this functional are metrics of constant scalar curvature.
If c1(M) < 0 then there exists a Ka¨hler-Einstein metric in the
class −c1(M) ([Y1], [Au]). It follows easily that the Mabuchi energy
is bounded below in this class. Also, the result of Donaldson [D3] im-
plies that M is asymptotically Chow stable with respect to the canoni-
cal bundle. More generally, for any class, it is expected that the lower
boundedness of the Mabuchi energy should be equivalent to some no-
tion of semistability in the sense of geometric invariant theory (see [Y2],
[T2, T3], [PS] and [D4]).
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Chen [C1] shows that if c1(M) is negative with −ω ∈ c1(M) and if
there is a solution of (1.2) in [χ0], then the Mabuchi energy is bounded
below in the class [χ0]. This suggests that (1.2) is related to how a
change of polarization affects the condition of stability of a manifold.
We immediately have the following corollary of the main theorem, gen-
eralizing the result of Chen for dimension n = 2.
Corollary. Let M be a compact Ka¨hler manifold with c1(M) < 0. If
the Ka¨hler class [χ0] satisfies the inequality
−nc1(M) · [χ0]
n−1
[χ0]n
[χ0] + (n− 1)c1(M) > 0, (1.3)
then the Mabuchi energy is bounded below on [χ0].
Note that if [χ0] = [−c1(M)] then the inequality is more than ad-
equately satisfied, and so the set of [χ0] satisfying the condition is a
reasonably large open set containing the canonical class.
In section 2, we prove a second order estimate of φ in terms of φ
itself, and in section 3, we prove the zero order estimate and complete
the proof of the main theorem. The techniques used are generalizations
of those given in [W1], and we will refer the reader to that paper for
some of the calculations and arguments.
In the following, C0, C1, C2, . . . will denote constants depending only
on the initial data.
2. Second order estimate
We use the maximum principle to prove the following estimate on
the second derivatives on φ.
Theorem 2.1 Suppose that
ncχ0 − (n− 1)ω > 0.
Let φ = φt be a solution of the J-flow (1.1) on [0,∞). Then there exist
constants A > 0 and C > 0 depending only on the initial data such that
for any time t ≥ 0, χ = χφt satisfies
Λωχ ≤ CeA(φ−infM×[0,t] φ). (2.1)
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Proof We will assume that ω has been scaled so that c = 1/n. Choose
0 < ǫ < 1/(n + 1) to be sufficiently small so that
χ0 ≥ (n− 1 + (n+ 1)ǫ)ω. (2.2)
We will use the same notation as in [W1]. In particular, the operator
△˜ acts on functions f by
△˜f = 1
n
hkl∂k∂lf, where h
kl = χkjχilgij .
We calculate the evolution of (log(Λωχ) − Aφ), where A is a constant
to be determined. From [W1], we have
(△˜ − ∂
∂t
)(log(Λωχ)−Aφ)
≥ 1
n
(−C0hklgkl −
1
Λωχ
χklRkl − 2Aχijgij +Ahklχ0 kl +A)
=
1
n
(−C0hklgkl −
1
Λωχ
χklRkl − 2Aχijgij + (1− ǫ)Ahklχ0 kl
+ ǫAhklχ0 kl +A),
where C0 is a lower bound for the bisectional curvature of ω, and Rkl
is the Ricci curvature tensor of ω. Recall from (2.4) in [W1], that χ is
uniformly bounded away from zero. Hence we can choose A to be large
enough so that
ǫAhklχ0 kl ≥ C0hklgkl +
1
Λωχ
χklRkl.
Now fix a time t > 0. There is a point (x0, t0) in M × [0, t] at which the
maximum of (log(Λωχ)−Aφ) is achieved. We may assume that t0 > 0.
Then at this point (x0, t0), we have
1 + (1− ǫ)hklχ0 kl − 2χijgij ≤ 0.
From (2.2), we get
1 + (n − 1 + ǫ)hklgkl − 2χijgij ≤ 0.
We will compute in normal coordinates at x0 for ω in which χ is diagonal
and has eigenvalues λ1 ≤ . . . ≤ λn. The above inequality becomes
1 + (n− 1 + ǫ)
n∑
i=1
1
λ2i
− 2
n∑
i=1
1
λi
≤ 0. (2.3)
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We claim that (2.3) gives an upper bound for the λi. To see this,
complete the square to obtain
n∑
i=1
(
1√
n− 1 + ǫ −
√
n− 1 + ǫ
λi
)2
≤ n
n− 1 + ǫ − 1.
Hence, for i = 1, . . . , n,
1√
n− 1 + ǫ −
√
n− 1 + ǫ
λi
≤
√
1− ǫ√
n− 1 + ǫ ,
from which we obtain the upper bound
λi ≤ n− 1 + ǫ
1−√1− ǫ .
Hence at the point (x0, t0), we have a constant C depending only on the
initial data such that
Λωχ ≤ C.
Then, on M × [0, t],
log(Λωχ)−Aφ ≤ logC −A inf
M×[0,t]
φ.
Exponentiating gives
Λωχ ≤ CeA(φ−infM×[0,t] φ),
completing the proof of the theorem.
3. Proof of the Main Theorem
We know from [C2] that the flow exists for all time. To prove the
main theorem we need uniform estimates on φt and all of its derivatives.
Given such estimates, the argument of section 5 of [W1], which is valid
for any dimension, shows that φt converges in C
∞ to a smooth critical
metric.
From Theorem 2.1, and standard parabolic methods, it suffices to
have a uniform C0 estimate on φ. We prove this below, generalizing
the method of [W1], using the precise form of the estimate (2.1) and a
Moser iteration type argument.
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Theorem 3.1 Suppose that
ncχ0 − (n− 1)ω > 0.
Let φ = φt be a solution of the J-flow (1.1) on [0,∞). Then there exists
a constant C˜ > 0 depending only on the initial data such that
‖φt‖C0 ≤ C˜.
Proof We begin with a lemma.
Lemma 3.2 0 ≤ supM φt ≤ −C1 infM φt + C2.
Proof We will use the functional Iχ0 defined on H by
Iχ0(φ) =
∫ 1
0
∫
M
∂φt
∂t
χnφt
n!
dt, (3.1)
for {φt} a path between 0 and φ (this is a well-known functional, see
[D2] for example). Taking the path φt = tφ, we obtain the formula:
Iχ0(φ) =
1
n!
∫ 1
0
∫
M
φχntφdt
=
1
n!
∫ 1
0
∫
M
φ (tχφ + (1− t)χ0)ndt
=
1
n!
n∑
k=0
[(n
k
) ∫ 1
0
tk(1− t)n−kdt
] ∫
M
φχkφ ∧ χn−k0 . (3.2)
From (3.1), we see that I(φt) = 0 along the flow. The first inequality
then follows immediately, since the expression in the square brackets in
(3.2) is a positive function of n and k. The second inequality follows
from (3.2), the fact that △ωφt > −Λωχ0, and properties of the Green’s
function of ω.
From this lemma, it is sufficient to prove a lower bound for infM φt.
If such a lower bound does not exist, then we can choose a sequence of
times ti →∞ such that
(i) infM φti = inft∈[0,ti] infM φt
(ii) infM φti → −∞.
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We will find a contradiction. Set B = A/(1−δ) where A is the constant
from (2.1), and let δ be a small positive constant to be determined later.
Let
ψi = φti − sup
M
φti ,
and let u = e−Bψi . We will show that u is uniformly bounded from
above, which will give the contradiction. First, we have the following
lemma.
Lemma 3.3 For any p ≥ 1,
∫
M
|∇up/2|2ω
n
n!
≤ C3 p ‖u‖1−δC0
∫
M
up−(1−δ)
ωn
n!
. (3.3)
Proof The proof is given for n = 2 in [W1], and since the same argu-
ment works for any dimension, we will not reproduce it here. Crucially,
the proof uses the estimate (2.1).
We will use the notation
‖f‖c =
(∫
M
|f |cω
n
n!
)1/c
,
for c > 0. It is not a norm for 0 < c < 1 but this fact is not important.
The following lemma allows us to estimate the C0 norm of u using a
Moser iteration type method (compare to [Y1]).
Lemma 3.4 If u ≥ 0 satisfies the estimate (3.3) for all p ≥ 1, then for
some constant C ′ independent of u,
‖u‖C0 ≤ C ′‖u‖δ.
Proof For β = n/(n − 1), the Sobolev inequality for functions f on
(M,ω) is
‖f‖22β ≤ C4(‖∇f‖22 + ‖f‖22).
Applying this to up/2 and making use of (3.3) gives
‖u‖pβ ≤ C1/p5 p1/p‖u‖γ/pC0 ‖u‖
(p−γ)/p
p−γ ,
for γ = 1− δ. By replacing p with pβ + γ we obtain inductively
‖u‖pkβ ≤ C(k)‖u‖1−a(k)C0 ‖u‖
a(k)
p−γ ,
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where
pk = pβ
k + γ(1 + β + β2 + · · · + βk−1)
C(k) = C
(1+β+···+βk)/pk
5 p
βk/pk
0 p
βk−1/pk
1 · · · p1/pkk
a(k) =
(p− γ)βk
pk
.
Set p = 1. Note that for some fixed l, βk ≤ pk ≤ βk+l. It is easy to check
that C(k) ≤ C6 for some constant C6. As k tends to infinity, pk →∞,
a(k)→ a ∈ (0, 1), and the required estimate follows immediately.
We can now finish the proof of Theorem 3.1. Since u = e−Bψi and
ψi satisfies supM ψi = 0 and
χ0 kl + ∂k∂lψi ≥ 0,
we can apply Proposition 2.1 of [T1] to get a bound on ‖u‖δ for δ small
enough. This completes the proof of Theorem 3.1.
Acknowledgements. The author would like to thank his thesis advi-
sor, D.H. Phong for his constant support, advice and encouragement.
The author also thanks Jacob Sturm, Lijing Wang, Mao-Pei Tsui and
Lei Ni for some helpful discussions. In addition, he is very grateful to
S.-T. Yau for his support and advice. The results of this paper are
contained in the author’s PhD thesis at Columbia University [W2].
References
[Au] Aubin, T. Equations du type Monge-Ampe`re sur les varie´te´s Ka¨hleriennes
compacts, Bull. Sc. Math. (2) 102 (1978), no. 1, 63–95, MR0494932, Zbl
0374.53022
[C1] Chen, X. X. On the lower bound of the Mabuchi energy and its applica-
tion, Internat. Math. Res. Notices 12 (2000), 607–623, MR1772078, Zbl
0980.58007
[C2] Chen, X. X. A new parabolic flow in Ka¨hler manifolds, Comm. Anal.
Geom. 12 (2004), no. 4, 837–852, MR2104078, Zbl pre02148045
[D1] Donaldson, S. K. Moment maps and diffeomorphisms. Asian J. Math. 3
(1999), no. 1, 1–15, MR1701920, Zbl 0999.53053
8
[D2] Donaldson, S. K. Symmetric spaces, Ka¨hler geometry and Hamiltonian
dynamics, in ‘Northern California Symplectic Geometry Seminar’ (Eliash-
berg et al eds.), Amer. Math. Soc. Transl. Ser. 2, 196 (1999), 13–33,
MR1736211, Zbl 0972.53025
[D3] Donaldson, S. K. Scalar curvature and projective embeddings, I., J. Dif-
ferential Geom. 59 (2001), no. 3, 479–522, MR1916953, Zbl 1052.32017
[D4] Donaldson, S. K. Scalar curvature and stability of toric varieties, J. Diff.
Geom. 62 (2002), no. 2, 289–349, MR1988506, Zbl pre02171919
[Ma] Mabuchi, T.K-energy maps integrating Futaki invariants, Tohoku Math.
J. (2) 38 (1986), no. 4, 575–593, MR0867064, Zbl 0619.53040
[PS] Phong, D. H. and Sturm, J. Stability, energy functionals, and Ka¨hler-
Einstein metrics, Comm. Anal. Geom. 11 (2003), no.3, 565–597,
MR2015757
[T1] Tian, G. On Ka¨hler-Einstein metrics on certain Ka¨hler manifolds with
c1(M) > 0, Invent. Math. 89 (1987), no. 2, 225–246, MR0894378, Zbl
0599.53046
[T2] Tian, G. The K-energy on hypersurfaces and stability, Comm. Anal.
Geom. 2 (1994), no. 2, 239–265, MR1312688, Zbl 0846.32019
[T3] Tian, G. Ka¨hler-Einstein metrics with positive scalar curvature, Invent.
Math. 137 (1997), no. 1, 1–37, MR1471884, Zbl 0892.53027
[W1] Weinkove, B. Convergence of the J-flow on Ka¨hler surfaces, Comm.
Anal. Geom. 12 (2004), no. 4, 949–965, MR2104082, Zbl 1060.53072
[W2] Weinkove, B. The J-flow, the Mabuchi energy, the Yang-Mills flow and
multiplier ideal sheaves, PhD thesis, Columbia University, 2004
[Y1] Yau, S.-T. On the Ricci curvature of a compact Ka¨hler manifold and the
complex Monge-Ampe`re equation, I, Comm. Pure Appl. Math. 31 (1978),
no. 3, 339–411, MR0480350, Zbl 0369.53059
[Y2] Yau, S.-T. Open problems in geometry, Proc. Symposia Pure Math. 54,
Part 1 (1993), 1–28, MR1216473, Zbl 0801.53001
9
